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ON COHOMOGENEITY ONE LINEAR ACTIONS ON PSEUDO-EUCLIDEAN SPACE
Rp,q
P. AHMADI AND S. SAFARI
ABSTRACT. The aim of this paper is to study cohomogeneity one isometric linear actions on the p+ q-
dimensional pseudo-Euclidean space Rp,q . It is proved that the natural isometric action of the nilpotent
factor of an Iwasawa decomposition of SO(p, q) is not of cohomogeneity one. The orbits of cohomo-
geneity one actions of some subgroups of a maximal parabolic subgroup of the isometry group of Rp,q
are determined and it is proved that there exist cohomogeneity one isometric actions on Rp,q which
are orbit-equivalent on the complement of a p-dimensional degenerate subspace Wp of Rp,q and not
orbit-equivalent onWp.
1. INTRODUCTION AND PRELIMINARIES
The study of non-transitive actions of transformation groups on manifolds is an interesting problem.
The first and most natural case is the case when the action has an orbit of codimension one, the so
called cohomogeneity one action. The concept of a cohomogeneity one action on a manifold M was
introduced by P.S. Mostert in his 1956 paper [12]. The key hypothesis was the compactness of the
acting Lie group in the paper. He assumed that the acting Lie group G is compact and determined the
orbit space up to homeomorphism. More precisely, he proved that by the cohomogeneity one action
of a compact Lie group G on a manifold M the orbit space M/G is homeomorphic to one of the
spaces R, S1, [0, 1], or [0, 1). In the general case, in [5] B. Bergery showed that if a Lie group acts on
a manifold properly and with cohomogeneity one, then the orbit space M/G is homeomorphic to one
of the above spaces.
A result by D. Alekseevsky in [1] says that, for an arbitrary Lie group G, the action of G on M is
proper if and only if there is a completeG-invariant Riemannian metric g onM such thatG is a closed
Lie subgroup of Isom(M, g). This theorem provides a link between proper actions and Riemannian
G-manifolds.
Cohomogeneity one Riemannian manifolds have been studied by many mathematicians (see, e.g.,
[2, 5, 6, 8, 10, 11, 14, 15, 16]). The subject is still an active one. The common hypothesis in the
theory is that the acting group is closed in the full isometry group of the Riemannian manifold and
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2 P. AHMADI AND S. SAFARI
the action is isometrically. When the metric is indefinite, this assumption in general does not imply
that the action is proper, so the study becomes much more complicated. Also, some of the results and
techniques of definite metrics fail for indefinite metrics (see, e.g., [3, 4, 7]).
Here we assume that M is the pseudo-Euclidean space Rp,q, that is the p + q-dimensional real
vector space Rp+q with the scalar product of signature (p, q) given by
〈x, y〉 =
p∑
i=1
xiyi −
q∑
j=1
xjyj , (1)
where x = (x1, · · · , xp+q) and y = (y1, · · · , yp+q), and G is a closed Lie subgroup of the isometry
group of Rp,q which acts on it with cohomogeneity one. Throughout the paper it is assumed that
p > q, since Rp,q is anti-isometric to Rq,p.
The standard basis for Rp,q is denoted by (e1, ..., ep+q). Let Πi be the hyperplane defined by the
equation xp−i+1 + xp+i = 0, where 1 6 i 6 q. Then Πi = w⊥i where wi = ep−i+1 − ep+i. To adjust
the notations, we assume that Π0 = Rp,q. If p 6= q, letPj denote the hyperplane defined by xj = 0,
where 1 6 j 6 p− q.
An isotropic subspace of Rp,q is a vector subspace V ⊂ Rp,q with the property that
〈v, w〉 = 0; ∀v, w ∈ V.
Let V be a maximal isotropic subspace of Rp,q. Hence dimV = q. The corresponding maximal
parabolic subgroup of SOo(p, q) is the stabilizer of V in SOo(p, q):
Q = {g ∈ SOo(p, q)|g.V = V }.
If V =
⋂p−q
j=1Pj ∩
⋂q
i=1 Πi, then Q = K0AN, where the subgroupsK0,A andN are introduced in
section 2. One interesting class of cohomogeneity one actions on Rp,q is given by certain subgroups
of the maximal parabolic subgroupQ. Our first result is Theorem 3.1. This result states that the action
ofN on Rp,q is not of cohomogeneity one, and its proof indicates that the action is of cohomogeneity
two. We consider the actions of subgroupsK′AN onRp,q, whereK′ ⊆ K0, and investigate throughly
the orbit structure of these actions (see Theorem 5.6). Our results, Theorem 5.6 and Proposition 5.7,
generalize Theorem 4.2 and Corollary 4.3 of [7]. A notable feature of these actions is that there exists
a p-dimensional degenerate subspace Wp of Rp,q such that the induced orbits of all of these actions
on Rp,qWp coincide, whereas the orbit structures are different onWp.
2. IWASAWA DECOMPOSITION OF so(p, q)
In this section we introduce a fixed Iwasawa decomposition of so(p, q) which will be used in the
sequel. We remind that p > q.
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The Lie algebra so(p, q) of the linear group SO(p, q) is given by
so(p, q) =
{(
A B
Bt D
)
: A ∈ so(p), D ∈ so(q) and B ∈ Mp×q(R)
}
whereMp×q(R) denotes the space of p×q real matrices. The notationX =
(
A B
Bt D
)
is used for a
typical element of so(p, q) throughout the paper. Hence A = (Aij) ∈ so(p), D = (Dij) ∈ so(q) and
B = (Bij) ∈Mp×q(R), where Mp×q(R) denotes the vector space of p× q real matrices. Obviously,
Aij = −Aji and Dij = −Dji.
The Cartan involution θ(X) = −Xt of so(p, q) induces the Cartan decomposition
so(p, q) = k⊕ p
with
k =
{(
A O
O D
)
∈ so(p, q)
}
∼= so(p)× so(q), p =
{(
O B
Bt O
)
∈ so(p, q)
}
∼= Rp×q.
The subspace
a =
{(
O C
Ct O
)
| C ∈Mp×q(R)
}
⊆ p (2)
that
C =

0 · · · 0
...
...
0 · · · 0
0 · · · cq
.
.
.
c1 0

(3)
where ci ∈ R for 1 6 i 6 q, is a maximal abelian subspace of p. LetA = exp(a). The Lie subalgebra
a is abelian, so by a direct computation one gets that
A = {X ∈ SO(p, q) : X =
p−q∑
i=1
Eii +
q∑
i=1
{cosh(ci)(Ep−i+1,p−i+1 + Ep+i,p+i)
+ sinh(ci)(Ep+i,p−i+1 + Ep−i+1,p+i)}},
where Eij is the (p+ q)× (p+ q) matrix whose (i, j)-entry is 1 and whose other entires are all 0.
Let fi be the member of a∗ whose value on the a matrix indicated in (2) is −ci. Then the restricted
roots include all linear functional ±fi ± fj , with i 6= j. Also the ±fi are restricted roots if p 6= q.
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Then the restricted-root spaces for±fi± fj are 1 -dimensional, and the restricted-root spaces for±fi
have dimension p − q. Let Σ be the set of restricted roots and Σ+ be the positive ones, and define
n =
⊕
λ∈Σ+ gλ. By Proposition 6.40-b of [9, p. 370], n is a Lie subalgebra of g and is nilpotent. Then
so(p, q) = k ⊕ a ⊕ n is an Iwasawa decomposition of so(p, q). Let so(p, q) = g0 ⊕
⊕
λ∈Σ gλ be the
restricted root space decomposition of so(p, q) induced by a. Explicitly, g0 = k0 ⊕ a (see [9, p. 370])
that
k0 =
{(
K 0
0 0
)
∈ SO(p, q) : K ∈ so(p− q)
}
∼= so(p− q)
Denote byK0 the Lie subgroup exp(k0).
In the following proposition we give an explicit form of each member of n. For any element X =(
A B
Bt D
)
of so(p, q), the entries of A and D, those are above the diagonal, determine the below
ones. The following proposition shows that they characterize the entries of B, for any X ∈ n, as well.
Proposition 2.1. Let X =
(
A B
Bt D
)
and X ∈ so(p, q). Then X ∈ n if and only if

Ak,p−l+1 = Bk,l; 1 ≤ k ≤ p− q, 1 ≤ l ≤ q,
Ap+1−j,p+1−i = Bp+1−j,i; 1 ≤ i < j ≤ q,
Dij = −Bp+1−i,j ; 1 ≤ i < j ≤ q.
(4)
If p = q, then the equations introduced in the first line of (4) are omitted.
Proof. First suppose that p 6= q. Let Hc1···cq denote a typical element of a indicated in (2). Define
fi : a −→ R, by fi(Hc1···cq) = −ci. Then by using a lexicographic ordering (see [9, p. 155]), the set
of restricted positive roots is
Σ+ = {fi ± fj} ∪ {fl}, 1 ≤ i < j ≤ q, 1 ≤ l ≤ q.
If α ∈ Σ+ then the corresponding root space is defined by
gα = {X ∈ so(p, q) : ad(H)(X) = α(H)X,∀H ∈ a}.
Hence by a straightforward computation one gets that gfl and gfi±fj are constituted of all
(
A B
Bt D
)
in so(p, q), satisfying
Ak,p−l+1 = Bk,l, 1 ≤ k ≤ p− q, 1 ≤ l ≤ q. (5)
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and 
Bp+1−i,jcj −Bp+1−j,ici = Ap+1−j,p+1−i(−ci ± cj)
−Ap+1−j,p+1−ici −Di,jcj = Bp+1−j,i(−ci ± cj)
Ap+1−j,p+1−icj +Di,jci = Bp+1−i,j(−ci ± cj)
Bp+1−i,jci −Bp+1−j,icj = Di,j(−ci ± cj), where 1 6 i < j 6 q,
(6)
respectively, and the other entries of A, B and D are zero. The equations (??) gives the root-space
gfj explicitly. By using the equations (6) one gets that gfi−fj and gfi+fj are one dimensional vector
subspaces of so(p, q) given by Ap+1−j,p+1−i = Bp+1−j,i = Bp+1−i,j = −Di,j and Ap+1−j,p+1−i =
Bp+1−j,i = −Bp+1−i,j = Di,j , respectively (this means that their other entries are zero). Therefore,
gfi−fj ⊕ gfi+fj is the two dimensional vector space given by Ap+1−j,p+1−i = Bp+1−j,i and Di,j =
−Bp+1−i,j . These imply that
n =
⊕
16l6q
gfl ⊕
⊕
16i<j6q
(gfi−fj ⊕ gfi+fj )
is of the claimed form. 
As a consequence of Proposition 2.1 one gets that dimN = q(p− 1).
Remark 2.2. By proposition 2.1 every element of the nilpotent subalgebra n is in one of the following
forms. (Here m(Aij) denotes the mirror image of Aij with respect to the dashed line between them,
and the entries below the diagonal are determined by the upper ones, since n ⊆ s(p, q)).
3. THE ACTION OF THE NILPOTENT FACTOR N ON Rp,q
The nilpotent factor of SO◦(p, q) is a q(p − 1) dimensional Lie subgroup. When q = 1, then
dimN = p − 1 and so its action is not of cohomogeneity one on Rp,1. In the following theorem we
show that this result is true for arbitrary positive integer q.
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Theorem 3.1. The action ofN on Rp,q is not of cohomogeneity one.
Proof. Let x =
∑p+q
i=1 x
iei be an arbitrary fixed nonzero element of Rp,q. We show that dimN(x) 6
p+ q − 2.
Let nx be the Lie subalgebra of n corresponding to the stabilizer subgroup at x, sayNx. Hence
nx = {X ∈ n| exp(tX)x = x, ∀t ∈ R}
= {X ∈ n| Xx = 0}.
Let X be a typical element of n. Then by Proposition 2.1, the equation Xx = 0 becomes as follows.

∑p
i=p−q+1Aji(x
i + x2p−i+1) = 0 , 1 6 j 6 p− q, if p 6= q,
−∑p−qi=1 Ai,p−q+1xi +∑pi=p−q+2Ap−q+1,i(xi + x2p−i+1) = 0
−∑p−q+1i=1 Ai,p−q+2xi +∑pi=p−q+3Ap−q+2,i(xi + x2p−i+1)−Dq−1,qxp+q = 0
−∑p−q+2i=1 Ai,p−q+3xi +∑pi=p−q+4Ap−q+3,i(xi + x2p−i+1)−∑p−q+2i=p−q+1Dq−2,p−i+1x2p−i+1 = 0
...
−∑p−2i=1 Ai,p−1xi +Ap−1,p(xp + xp+1)−∑p−2i=p−q+1D2,p−i+1x2p−i+1 = 0∑p−1
i=1 Ai,px
i +
∑p−1
i=p−q+1D1,p−i+1x
2p−i+1 = 0∑p−2
i=1 Ai,p−1x
i −D1,2(xp + xp+1) +
∑p−2
i=p−q+1D2,p−i+1x
2p−i+1 = 0
...∑p−q+2
i=1 Ai,p−q+3x
i −∑pi=p−q+4Dp−i+1,q−2(xi + x2p−i+1) +∑p−q+2i=p−q+1Dq−2,p−i+1x2p−i+1 = 0∑p−q+1
i=1 Ai,p−q+2x
i −∑pi=p−q+3Dp−i+1,q−1(xi + x2p−i+1) +Dq−1,qxp+q = 0∑p−q
i=1 Ai,p−q+1x
i −∑pi=p−q+2Dp−i+1,q(xi + x2p−i+1) = 0
(7)
We look for the conditions on the point x on which nx has minimum dimension. One gets the result
by considering the following three cases.
Case 1 : x /∈ ⋂qi=1 Πi.
Claim 1: In this case dimN(x) = p+ q − (k + 1), where k = min{i : 1 ≤ i ≤ q and x /∈ Πi}.
Proof of Claim 1: For simplicity, first assume that k = 1, i.e. xp + xp+1 6= 0. Then for 1 ≤ j ≤
p− q, if p 6= q, we have
Ajp = − 1
xp + xp+1
p−1∑
i=p−q+1
(xi + x2p−i+1)Aji,
and for p− q + 1 ≤ j ≤ p− 1 we have
Ajp =
1
xp + xp+1
{−
p−1∑
i=j+1
(xi + x2p−i+1)Aji +
j−1∑
i=1
{xiAij + x2p−i+1Dp−j+1,p−i+1}},
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and
D1,p−j+1 =
1
xp + xp+1
{−
p−1∑
i=j+1
(xi+x2p−i+1)Dp−i+1,p−j+1+
j−1∑
i=1
{xiAij+x2p−i+1Dp−j+1,p−i+1}},
where xk = 0 for any k > p + q (note that Dij = 0 for i, j ≥ q + 1). These imply that Ajp and
D1,p−i+1 are linear functions of the other entries, where 1 ≤ j ≤ p − 1 and p − q + 1 6 i 6 p − 1.
Therefore dim nx = q(p− 1)− (p− 1)− (q− 1) = (p− 2)(q− 1), which implies that dimN(x) =
dim n− dim nx = p+ q − 2.
Now let 1 < k < q. This implies that xp−k+1 + xp+k 6= 0 and xp−i+1 + xp+i = 0 for any i where
1 6 i < k. Then for 1 ≤ j ≤ p− q, if p 6= q, we have
Aj,p−k+1 = − 1
xp−k+1 + xp+k
p∑
i=p−q+1,i 6=p−k+1
(xi + x2p−i+1)Aji,
for p− q + 1 ≤ j ≤ p− k we have
Aj,p−k+1 =
1
xp−k+1 + xp+k
{−
p∑
i=j+1
i 6=p−k+1
(xi +x2p−i+1)Aji +
j−1∑
i=1
{xiAij +x2p−i+1Dp−j+1,p−i+1}},
and
Dk,p−j+1 =
1
xp−k+1 + xp+k
{−
p∑
i=j+1
i 6=p−k+1
(xi+x2p−i+1)Dp−i+1,p−j+1+
j−1∑
i=1
{xiAij+x2p−i+1Dp−j+1,p−i+1}},
and for p− k + 2 ≤ j ≤ p, if xp−k+1 6= 0 we have either
Ap−k+1,j = − 1
xp−k+1
j−1∑
i=1,i 6=p−k+1
{xiAij + x2p−i+1Dp−j+1,p−i+1},
or
Dp−j+1,k = − 1
xp+k
j−1∑
i=1,i 6=p−k+1
{xiAij + x2p−i+1Dp−j+1,p−i+1}.
These imply that Aj,p−k+1 and Dk,p−j+l, where 1 ≤ j ≤ p−k and p− q+ 1 ≤ j ≤ p−k and one of
Ap−k+1,j or Dp−j+1,k, where p− k + 2 ≤ j ≤ p are linear functions of the other entries. Therefore
dim nx = q(p−1)−(p+q−(k+1)),which implies that dimN(x) = dim n−dim nx = p+q−(k+1).
Finally, let k = q. Then for 1 ≤ j ≤ p− q, if p 6= q, we have
Aj,p−q+1 = − 1
xp−q+1 + xp+q
p∑
i=p−q+2
(xi + x2p−i+1)Aji,
and for p− q + 2 ≤ j ≤ p, if xp−q+1 6= 0 we have either
Ap−q+1,j = − 1
xp−q+1
j−1∑
i=1,i 6=p−q+1
{xiAij + x2p−i+1Dp−j+1,p−i+1}},
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or
Dp−j+1,q = − 1
xp+q
j−1∑
i=1,i 6=p−q+1
{xiAij + x2p−i+1Dp−j+1,p−i+1},
These imply that Aj,p−q+1 where 1 ≤ j ≤ p − q and one of the Ap−q+1,j or Dp−j+1,q, where
p− q + 2 ≤ j ≤ p are linear functions of the other entries. Therefore dim nx = q(p− 1)− (p− 1),
which implies that dimN(x) = dim n− dim nx = p− 1.
Case 2: x ∈ ⋂qi=1 Πi⋂p−qj=1Pj .
Claim 2: In this case dimN(x) = q.
Proof of Claim 2: The condition on x implies that xp−i+1 +xp+i = 0 for all 1 ≤ i ≤ q and xj 6= 0
for some 1 ≤ j ≤ p− q. Then the system of equations (7) reduces to the following system.

∑p−1
i=1 Ai,px
i +
∑p−1
i=p−q+1D1,p−i+1x
2p−i+1 = 0∑p−2
i=1 Ai,p−1x
i) +
∑p−2
i=p−q+1D2,p−i+1x
2p−i+1 = 0
...∑p−q+2
i=1 Ai,p−q+3x
i +
∑p−q+2
p−q+1Dq−2,p−i+1x
2p−i+1 = 0∑p−q+1
i=1 Ai,p−q+2x
i +Dq−1,qxp+q = 0∑p−q
i=1 Ai,p−q+1x
i = 0.
(8)
Hence for p− q + 1 ≤ m ≤ p we have
Ajm = − 1
xj
{
m−1∑
i=1,i 6=j
xiAim +
m−1∑
i=p−q+1
x2p−i+1Dp−m−1,p−i+1},
These imply that Ajm are linear functions of the other entries, where p− q + 1 ≤ m ≤ p. Therefore
dim nx = q(p− 1)− q = q(p− 2), which implies that dimN(x) = dim n− dim nx = q.
Case 3 : x ∈ ⋂qi=1 Πi ∩⋂p−qj=1Pj .
Hence, xi = 0 for all 1 ≤ i ≤ p − q, xp−i+1 + xp+i = 0 for all 1 ≤ i ≤ q and consequently
xp+j = −xp−j+1 6= 0 for some 1 ≤ j ≤ q.
Claim 3: In this case dimN(x) = l − 1, where l = max{j : 1 ≤ j ≤ q and xp+j = −xp−j+1 6=
0}.
Proof of Claim 3: Let xp−l+1 = −xp+l 6= 0 where l = max{j : 1 ≤ j ≤ q and xp+j =
−xp−j+1 6= 0}. If l = 1, then x = r(ep− ep+1) for some r ∈ R, which implies thatN(x) = {x} and
so dimN(x) = 0. If l > 1, then the system of equations (7) reduces to the following system.
∑p−1
i=p−l+1{Ai,pxi +D1,p−i+1x2p−i+1} = 0
...∑p−l+1
i=p−l+1{Ai,p−l+2xi +Dl−1,p−i+1x2p−i+1} = 0.
(9)
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Hence for 1 ≤ m ≤ l − 1 we have
Dml = − 1
xp+l
{
p−m∑
i=p−q+1
xiAi,p−m+1 +
q∑
i=m+1,i 6=l
xp+iDmi}.
These imply that Dml are linear functions of the other entries, where 1 ≤ m ≤ l − 1. Therefore
dim nx = q(p− 1)− (l − 1), and so dimN(x) = dim n− dim nx = l − 1. 
Remark 3.2. In the following ordered basis of Rp+q the matrix representation of any element of n is
a strictly upper triangular matrix. This implies that each element of n is a nilpotent matrix.
(ep − ep+1, ep−1 − ep+2, · · · , ep−q+1 − ep+q, e1, · · · , eq, ep−q+1 + ep+q, · · · , ep + ep+1). (10)
For the case p = q, the vectors ei, where 1 ≤ i ≤ q, are discarded from the basis (we remind that
wi = ep−i+1 − ep+i, where 1 6 i 6 q).
The representation of any element X ∈ n in the basis (10) for Rp,q is determined as follows.

X(ep − ep+1) = 0,
X(ep−j+1 − ep+j) =
∑j−1
i=1 (Di,j −Ap−j+1,p−i+1)(ep−i+1 − ep+i); 2 ≤ j ≤ q
X(ej) = −
∑q
i=1Aj,p−i+1(ep−i+1 − ep+i); 1 ≤ j ≤ q
X(ep−k + ep+k+1) = −
∑k
i=1(Di,k+1 +Ap−k,p−i+1)(ep−i+1 − ep+i) + 2
∑p−q
i=1 Ai,p−kei , k = q − j
+
∑j−1
i=1 {(Ap−l,p−k +Dk+1,l+1)(ep−l − ep+l+1) + (Ap−l,p−k +Dk+1,l+1)(ep−l + ep+l+1)} , l = q − i
(11)
These imply that N(w1) = {w1} and N(wj) = Σj−1i=1Rwi + wj , where 2 6 j 6 q. Also N(ei) =
ei + Σ
q
i=1Rwi. And the representation of any element Y ∈ a is determined as follows.
Y (ep−(i−1) − ep+i) = −ci(ep−(i−1) − ep+i)
Y (ei) = 0
Y (ep−(q−i) + ep+(q−i)+1) = c(q−i)+1(ep−(q−i) + ep+(q−i)+1),
(12)
where 1 ≤ i ≤ q. Hence for any i where 1 6 i 6 q, we have A(wi) = R+wi, A(ei) = {ei} and
K0(wi) = {wi}. Thus K0AN(∩ji=1Πi) ⊆ ∩ji=1Πi, where 1 6 j 6 q. This fact is a key point in
determining of the orbits of the group Q = K0 AN in the hyperquadrics in Rp,q (see the proofs of
Corollaries 5.3 and 5.4).
Proposition 3.3. The direction R(ep − ep+1) is the only direction in Rp,q which is preserved by N.
This direction is fixed point-wise byN.
Proof. Let Rx be a direction which is preserved by N. So for any X ∈ n there is a differentiable
function λX : R→ R such that
exp(tX)x = λX(t)x , ∀t ∈ R.
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This implies thatXx = ddt |t=0λX(t)x. Hence ddt |t=0λX(t) is an eigenvalue ofX and so ddt |t=0λX(t) =
0 by Remark 3.2. Thus
Xx = 0, ∀X ∈ n.
By Remark 3.2 it is obvious that x ∈ R(ep − ep+1). 
4. THE ACTION OF SO◦(p, q) ON Rp,q
In this section we study the orbits of the action of the Lie subgroup SO◦(p, q) of Iso(Rp,q) onRp,q.
We first introduce some notations:
Sp,q = {v ∈ Rp,q : 〈v, v〉 > 0}, T p,q = {v ∈ Rp,q : 〈v, v〉 < 0}, (13)
Λp+q−1 = {v ∈ Rp,q − {0} : 〈v, v〉 = 0}, (14)
Λp+ = {v ∈ Λp : 〈v, ep+1〉 < 0}, (15)
Λp− = {v ∈ Λp : 〈v, ep+1〉 > 0} (16)
Sp,q, T p,q and Λp+q−1 are the set of space-like, time-like and light-like vectors in Rp,q, respectively.
By proposition 4.22 of [13], the nullcone Λp+q−1 of Rp,q is a hypersurface invariant under scalar
multiplication and diffeomorphic to (Rq−{0})×Sp−1, where Sp−1 is the p−1 dimensional Euclidean
sphere with redius 1 in Rp. Hence Λp+q−1 is connected if and only if q > 1. For q = 1, the index ±
in (13) and (14) refers to time-orientation.
For r ∈ R+ we define
Sp−1,q(r) = {v ∈ Sp,q : 〈v, v〉 = r2} , Hp,q−1(r) = {v ∈ T p,q : 〈v, v〉 = −r2}. (17)
The pseudo-Riemannian submanifolds Sp−1,q(r) and Hp,q−1(r) are called p + q − 1 dimensional
pseudo-sphere and pseudo-hyperbolic space of radius r, respectively (see [13, Ch.4]). The pseudo-
sphere Sp−1,q(r) is diffeomorphic to Sp−1 × Rq and the pseudo-hyperbolic space Hp,q−1(r) is dif-
feomorphic to Rp × Sq−1. Hence Hp,q−1(r) is connected if and only if q > 1. If q = 1, then
Hp,0(r) = Hp,0+ (r) ∪Hp,0− (r), where
Hp,0+ (r) = {v ∈ Rp,1 : 〈v, v〉 = −r2 and 〈v, ep+1〉 > 0},
and
Hp,0− (r) = {v ∈ Rp,1 : 〈v, v〉 = −r2 and 〈v, ep+1〉 < 0}.
The induced metric on Hp,0+ (r) is Riemannian and H
p,0
+ (r) is the well-known hyperboloid model of p
dimensional real hyperbolic space with constant curvature−r−2. We have Iso(Hp,0+ (r)) = SO(p, 1).
In particular, Hp,0+ (r) is an orbit of SO◦(p, 1) and the isotropy subgroup at a point of H
p,0
+ (r) is
isomorphic to K = SO(p). Hence, as a homogeneous space, Hp,0+ (r) = SO◦(p, 1)/SO(p) =
SO◦(p, 1)/K. Using the time-reversing map Rp,1 → Rp,1, (x1, ..., xp, xp+1) 7→ (x1, ..., xp,−xp+1),
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one gets that Hp,0− (r) is another orbit of SO◦(p, 1) and therefore H
p,0
− (r) = SO◦(p, 1)/SO(p) =
SO◦(p, 1)/K.
Let q > 1. Then Iso(Sp−1,q(r)) = Iso(Hp,q−1(r)) = O(p, q) (see [13, p.239]). In particular,
Sp−1,q(r) and Hp,q−1(r) are orbits of SO◦(p, q). The isotropy subgroup at a point of Sp−1,q(r) is iso-
morphic to SO◦(p−1, q) and that ofHp,q−1(r) is isomorphic to SO◦(p, q−1). Thus, as homogeneous
spaces, Sp−1,q(r) = SO◦(p, q)/SO◦(p− 1, q) and Hp,q−1(r) = SO◦(p, q)/SO◦(p, q − 1).
Finally, SO◦(p, q) leaves Λp+q−1 invariant. If q = 1, then Λ
p
+ and Λ
p
− are the orbits. The isotropy
group of SO◦(p, 1) at a point in Λ
p
+ or Λ
p
− is isomorphic to the subgroup K0N of SO◦(p, 1). Thus,
as homogeneous spaces, we have Λp− = SO◦(p, 1)/K0N and Λ
p
+ = SO◦(p, 1)/K0N. In the case
that q > 1, we have Λp+q−1 = SO◦(p, q)/K0N.
Altogether it follows that we have the following decomposition FSO◦(p,q) of Rp,q into orbits of
SO◦(p, q).
FSO◦(p,1) = {0} ∪ Λp± ∪
⋃
r∈R+
Hp,0± (r) ∪
⋃
r∈R+
Sp−1,1(r),
and
FSO◦(p,q) = {0} ∪ Λp+q−1 ∪
⋃
r∈R+
Hp,q−1(r) ∪
⋃
r∈R+
Sp−1,q(r) , where q > 1.
5. COHOMOGENEITY ONE ACTIONS OF LIE SUBGROUPS OF K◦AN ON Rp,q
Let G = K′AN and K′ ⊆ K0. Consider the natural action of G on Rp,q. For the case q = 1,
in [7, Sec.4] it is claimed that G has exactly two orbits on the positive light cone Λp+, namely R−w1
and Λp+ − R−w1. The argument is analogous for the negative light cone Λp−. In other words, G has
two orbits with dimension p− 1 and two orbits with dimension one. Also G acts transitively on each
connected component of Hp,0, i.e. G has two orbits with dimension p in Hp,0. Here, we generalize
these consequences for general positive q (see Corollaries 5.3 and 5.4).
The special Euclidean groupK0N fixes the vector w1 = ep−ep+1 ∈ Λp+q−1 and for Lie subgroup
Q = K0AN of SO(p, q) the orbit Q(w1) is equal to Q(w1) = A(w1) = R+w1 = Rw1 ∩ Λp+q−1.
Similarly, we have Q(−w1) = A(−w1) = R−w1 = Rw1 ∩ Λp+q−1.
Proposition 5.1. Let G = K0AN, which acts on Rp,q naturally. Let x =
∑p+q
i=1 x
iei be a nonzero
element of Rp,q and dimG(x) = m. Then one of the following statements hold.
a) If x /∈ ⋂qi=1 Πi then m = p+ q − k, where k = min{i : 1 ≤ i ≤ q and xp−i+1 + xp+i 6= 0}.
b) If x ∈ ⋂qi=1 Πi⋂p−qj=1Pj then m = p− 1.
c) If x ∈ ⋂qi=1 Πi ∩⋂p−qj=1Pj , then m = max{j : 1 ≤ j ≤ q and xp+j = −xp−j+1 6= 0}.
Proof. If p = q, then k0 = 0 and the action reduces to the action of AN. For the case p 6= q, let Kij
denote a typical entry of k0, where 1 ≤ i, j ≤ p − q. Then Kij = −Kji. Let x =
∑p+q
i=1 x
iei be an
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arbitrary fixed element of Rp,q. Let (k0 ⊕ a⊕ n)x be the Lie subalgebra of k0 ⊕ a⊕ n corresponding
to the stabilizer subgroup at x, say (K0AN)x. Hence
(k0 ⊕ a⊕ n)x = {X ∈ k0 ⊕ a⊕ n|exp(tX)x = x, ∀t ∈ R}
= {X ∈ k0 ⊕ a⊕ n| Xx = 0}.
Let X be a typical element of k0 ⊕ a⊕ n, then by (1) and Proposition 2.1 one gets that X is in one of
the following forms.
Hence the equation Xx = 0 becomes as follows.
∑p−q
i=j+1Kjix
i −∑j−1i=1 Kijxi +∑pi=p−q+1Aji(xi + x2p−i+1) = 0 , 1 6 j 6 p− q, if p 6= q,
−∑p−qi=1 Ai,p−q+1xi +∑pi=p−q+2Ap−q+1,i(xi + x2p−i+1) + cqxp+q = 0
−∑p−q+1i=1 Ai,p−q+2xi +∑pi=p−q+3Ap−q+2,i(xi + x2p−i+1) + cq−1xp+q−1 −Dq−1,qxp+q = 0
−∑p−q+2i=1 Ai,p−q+3xi +∑pi=p−q+4Ap−q+3,i(xi + x2p−i+1) + cq−2xp+q−2
−∑p−q+2i=p−q+1Dq−2,p−i+1x2p−i+1 = 0
...
−∑p−2i=1 Ai,p−1xi +Ap−1,p(xp + xp+1) + c2xp+2 −∑p−2i=p−q+1D2,p−i+1x2p−i+1 = 0
−∑p−1i=1 Ai,pxi + c1xp+1 −∑p−1i=p−q+1D1,p−i+1x2p−i+1 = 0∑p−1
i=1 Ai,px
i + c1x
p +
∑p−1
i=p−q+1D1,p−i+1x
2p−i+1 = 0∑p−2
i=1 Ai,p−1x
i + c2x
p−1 −D1,2(xp + xp+1) +
∑p−2
i=p−q+1D2,p−i+1x
2p−i+1 = 0
...∑p−q+2
i=1 Ai,p−q+3x
i + cq−2xp−q+3 −
∑p
i=p−q+4Dp−i+1,q−2(x
i + x2p−i+1)
+
∑p−q+2
i=p−q+1Dq−2,p−i+1x
2p−i+1 = 0∑p−q+1
i=1 Ai,p−q+2x
i + cq−1xp−q+2 −
∑p
i=p−q+3Dp−i+1,q−1(x
i + x2p−i+1) +Dq−1,qxp+q = 0∑p−q
i=1 Ai,p−q+1x
i + cqx
p−q+1 −∑pi=p−q+2Dp−i+1,q(xi + x2p−i+1) = 0
(18)
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The result is an immediate consequence of the following three cases for x =
∑p+q
i=1 x
iei, which
are indicated in Proposition 5.1 (a), (b) and (c), in the system of equations (18) and using the fact that
dimG(x) = dimG− dimGx.
Case 1 : x /∈ ⋂qi=1 Πi.
Claim 1: In this case dimK0AN(x) = p+ q − k, where k = min{i : 1 ≤ i ≤ q and x /∈ Πi}.
Proof of Calim 1: For simplicity, first assume that k = 1. Then for 1 ≤ j ≤ p − q, if p 6= q, we
have
Ajp =
1
xp + xp+1
{−
p−1∑
i=p−q+1
(xi + x2p−i+1)Aji +
j−1∑
i=1
xiKij −
p−q∑
i=j+1
xiKji},
and for p− q + 1 ≤ j ≤ p− 1 we have
Ajp =
1
xp + xp+1
{−
p−1∑
i=j+1
(xi+x2p−i+1)Aji+
j−1∑
i=1
{xiAij+x2p−i+1Dp−j+1,p−i+1}−x2p−j+1cp−j+1},
and
D1,p−j+1 =
1
xp + xp+1
{−
p−1∑
i=j+1
(xi+x2p−i+1)Dp−i+1,p−j+1+
j−1∑
i=1
{xiAij+x2p−i+1Dp−j+1,p−i+1}+xjcp−j+1},
where xk = 0 for any k > p + q (note that Dij = 0 for i, j ≥ q + 1). Summing the sides of
the two equations including c1, indicated in the lines six and seven in (18), and using the fact that
xp + xp+1 6= 0 one gets that c1 = 0. These imply that Ajp and D1,p−i+1 are linear functions of the
other entries, where 1 ≤ j ≤ p − 1 and p − q + 1 6 i 6 p − 1 and c1 = 0. Therefore dim(k0 ⊕
a⊕ n)x = p(p−1)+q(q+1)2 − {(p− q) + (q − 1) + (q − 1) + 1}, which implies that dimK0AN(x) =
dim(k0 ⊕ a⊕ n)− dim(k0 ⊕ a⊕ n)x = p+ q − 1.
Now let 1 < k < q. Then for 1 ≤ j ≤ p− q, if p 6= q, we have
Aj,p−k+1 =
1
xp−k+1 + xp+k
{−
p∑
i=p−q+1,i 6=p−k+1
(xi + x2p−i+1)Aji +
j−1∑
i=1
xiKij −
p−q∑
i=j+1
xiKji},
for p− q + 1 ≤ j ≤ p− k we have
Aj,p−k+1 =
1
xp−k+1 + xp+k
{−
p∑
i=j+1
i 6=p−k+1
(xi+x2p−i+1)Aji+
j−1∑
i=1
{xiAij+x2p−i+1Dp−j+1,p−i+1}−x2p−j+1cp−j+1},
and
Dk,p−j+1 =
1
xp−k+1 + xp+k
{−
p∑
i=j+1
i 6=p−k+1
(xi+x2p−i+1)Dp−i+1,p−j+1+
j−1∑
i=1
{xiAij+x2p−i+1Dp−j+1,p−i+1}+xjcp−j+1},
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and for p− k + 2 ≤ j ≤ p, if xp−k+1 6= 0 we have
Ap−k+1,j =
1
xp−k+1
{−
j−1∑
i=1,i 6=p−k+1
{xiAij + x2p−i+1Dp−j+1,p−i+1}+ x2p−j+1cp−j+1},
else we have
Dp−j+1,k =
1
xp+k
{−
j−1∑
i=1,i 6=p−k+1
{xiAij + x2p−i+1Dp−j+1,p−i+1} − xp+kcp−j+1}.
Summing the sides of the two equations including ck in (18) and using the fact that xp−k+1 +xp+k 6=
0, one gets that ck = 0. These imply thatAj,p−k+1 andDk,p−j+l,where 1 ≤ j ≤ p−k and p−q+1 ≤
j ≤ p−k and one ofAp−k+1,j orDp−j+1,k, where p−k+2 ≤ j ≤ p are linear functions of the other
entiers and ck = 0. Therefore dim(k0⊕a⊕n)x = p(p−1)+q(q+1)2 −{(p−k) + (q−k) + (k−1) + 1},
which implies that dimK0AN(x) = dim(k0 ⊕ a⊕ n)− dim(k0 ⊕ a⊕ n)x = p+ q − k.
Finally, let k = q. Then for 1 ≤ j ≤ p− q, if p 6= q, we have
Aj,p−q+1 =
1
xp−q+1 + xp+q
{−
p∑
i=p−q+2
(xi + x2p−i+1)Aji +
j−1∑
i=1
xiKij −
p−q∑
i=j+1
xiKji},
and for p− q + 2 ≤ j ≤ p, if xp−q+1 6= 0 we have
Ap−q+1,j =
1
xp−q+1
{−
j−1∑
i=1,i 6=p−q+1
{xiAij + x2p−i+1Dp−j+1,p−i+1}+ x2p−j+1cp−j+1},
else we have
Dp−j+1,q =
1
xp+q
{−
j−1∑
i=1,i 6=p−q+1
{xiAij + x2p−i+1Dp−j+1,p−i+1} − xjcp−j+1},
These imply that Aj,p−q+1 where 1 ≤ j ≤ p − q and one of the Ap−q+1,j or Dp−j+1,q, where
p − q + 2 ≤ j ≤ p are linear functions of the other entries. Summing the sides of the two equations
including cq in (18) and using the fact that xp−q+1 + xp+q 6= 0, one gets that cq = 0. Therefore
dim(k0 ⊕ a⊕ n)x = p(p−1)+q(q+1)2 − {(p− q) + (q − 1) + 1}, which implies that dimK0AN(x) =
dim(k0 ⊕ a⊕ n)− dim(k0 ⊕ a⊕ n)x = p.
Case 2: x ∈ ⋂qi=1 Πi⋂p−qj=1Pj .
Claim 2: dimK0AN(x) = p− 1.
Proof of Claim 2: Since x ∈ ⋂qi=1 Πi⋂p−qj=1Pj , so xp−i+1 + xp+i = 0 for all 1 ≤ i ≤ q and
xj0 6= 0 for some 1 ≤ j0 ≤ p− q. Then the system of equations (18) reduces to the following system.
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
∑p−q
i=j+1Kjix
i −∑j−1i=1 Kijxi = 0 , 1 6 j 6 p− q, if p 6= q,
−∑p−1i=1 Ai,pxi + c1xp+1 −∑p−1i=p−q+1D1,p−i+1x2p−i+1 = 0∑p−1
i=1 Ai,px
i + c1x
p +
∑p−1
i=p−q+1D1,p−i+1x
2p−i+1 = 0∑p−2
i=1 Ai,p−1x
i + c2x
p−1 +
∑p−2
i=p−q+1D2,p−i+1x
2p−i+1 = 0
...∑p−q+2
i=1 Ai,p−q+3x
i + cq−2xp−q+3 +
∑p−q+2
i=p−q+1Dq−2,p−i+1x
2p−i+1 = 0∑p−q+1
i=1 Ai,p−q+2x
i + cq−1xp−q+2 +Dq−1,qxp+q = 0∑p−q
i=1 Ai,p−q+1x
i + cqx
p−q+1 = 0
(19)
If p 6= q, then for 1 ≤ j ≤ p− q and j 6= j0, we have
Kj0j =
1
xj0
{−
j−1∑
i=1,i 6=j0
xiKij +
p−q∑
i=j+1
xiKji}.
Hence for p− q + 1 ≤ j ≤ p we have
Aj0j =
1
xj0
{−
j−1∑
i=1,i 6=j0
xiAij −
j−1∑
i=p−q+1
x2p−i+1Dp−j−1,p−i+1 + xjcp−j+1}.
These imply that Kj0j where 1 ≤ j ≤ p− q, with j 6= j0 and Aj0j are linear functions of the other
entiers, where p− q+ 1 ≤ j ≤ p. Therefore dim(k0 ⊕ a⊕ n)x = p(p−1)+q(q+1)2 − ((p− q− 1) + q),
which implies that dimK0AN(x) = dim(k0 ⊕ a⊕ n)− dim(k0 ⊕ a⊕ n)x = p− 1.
Case 3 : x ∈ ⋂qi=1 Πi ∩⋂p−qj=1Pj .
Claim 3: In this case dimK0AN(x) = l, where l = max{j : 1 ≤ j ≤ q and xp+j =
−xp−j+1 6= 0}.
Proof of Claim 3: Let xp+l = −xp−l+1 6= 0 where l = max{j : 1 ≤ j ≤ q and xp+j =
−xp−j+1 6= 0}. If l = 1, then x = r(ep−ep+1) for some r ∈ R, which implies thatK0AN(x) = Rx
and so dimK0AN(x) = 1. If l > 1, then the system of equations (18) reduces to the following
system. 
∑p−1
i=p−l+1{Ai,pxi +D1,p−i+1x2p−i+1}+ c1xp = 0
...∑p−l+1
i=p−l+1{Ai,p−l+2xi +Dl−1,p−i+1x2p−i+1}+ cl−1xp−l+2 = 0.
clx
p−l+1 = 0
cix
p−i+1 = 0, l + 1 ≤ i ≤ q.
(20)
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For l + 1 ≤ i ≤ q, we have xp−i+1 = 0 then ci ∈ R. Since xp−l+1 6= 0, we have cl = 0 and for
1 ≤ m ≤ l − 1 we have
Dml =
1
xp+l
{−
p−m∑
i=p−q+1
xiAi,p−m+1 −
q∑
i=m+1,i 6=l
xp+iDmi − xp−m+1cm},
These imply that Dml are linear functions of the other entiers, where 1 ≤ m ≤ l − 1 and cl = 0.
Therefore dim(k0 ⊕ a ⊕ n)x = p(p−1)+q(q+1)2 − l, and so dimK0AN(x) = dim(k0 ⊕ a ⊕ n) −
dim(k0 ⊕ a⊕ n)x = l.

Let G = AN, x ∈ Rp,q and m = dimG(x). The following result states that either 0 6 m 6 q or
p 6 m 6 p+ q − 1.
Proposition 5.2. LetG = AN, which acts onRp,q naturally. Let x =
∑p+q
i=1 x
iei be a typical nonzero
element of Rp,q and dimG(x) = m. Then one of the following statements hold.
a) If x /∈ ⋂qi=1 Πi then m = p+ q − k, where k = min{i : 1 ≤ i ≤ q and x /∈ Πi}.
b) If x ∈ ⋂qi=1 Πi⋂p−qj=1Pj , then m = q.
c) If x ∈ ⋂qi=1 Πi ∩⋂p−qj=1Pj then m = max{j : 1 ≤ j ≤ q and xp+j = −xp−j+1 6= 0}.
Proof. The proof is similar to that of Proposition 5.1, just the first line in the system of equation (18)
is replaced by
p∑
i=p−q+1
Aji(x
i + x2p−i+1) = 0 , 1 6 j 6 p− q, if p 6= q.

LetG = K′AN, whereK′ ⊆ K0. We determine the orbits of the action ofG on the hyperquadrics
in Rp,q by using Propositions 5.1 and 5.2. The hyperplane Π1 divides Rp,q into two connected open
sets U1 and U2 in Rp,q, defined by xp > −xp+1 and xp < −xp+1 respectively. Then the sets
Λp+q−1 ∩U1 and Λp+q−1 ∩U2 are nonempty connected open sets in Λp+q−1. Let i ∈ {1, 2}. For any
x ∈ Λp+q−1 ∩ Ui, the dimension of the orbit G(x) is p + q − 1 by Propositions 5.1-(a) and 5.2-(a).
Hence G(x) is a connected open submanifold of Λp+q−1 ∩ Ui, for every x ∈ Λp+q−1 ∩ Ui. This
implies that G(x) = Λp+q−1∩Ui. Thus there are exactly two p+q−1 dimensional orbits in Λp+q−1.
The subspace Π1Π1 ∩ Π2 is the union of two connected open subsets V1 and V2 in Π1, defined
by xp−1 > −xp+2 and xp−1 < −xp+2. Let i ∈ {1, 2} and x ∈ Vi. Then dimG(x) = p + q − 2
by Propositions 5.1-(a) and 5.2-(a). Using the fact that Λp+q−1 ∩ Vi is a p + q − 2 dimensional
connected manifold, one gets that G(x) = Λp+q−1 ∩ Vi. Therefore there are only two orbits with
dimension p + q − 2 in Λp+q−1. And so, for any 2 6 j 6 q, ⋂j−1i=1 Πi⋂ji=1 Πi is the union of
two nonempty open sets W1 and W2 in
⋂j−1
i=1 Πi, defined by x
p−j+1 > −xp+j and xp−j+1 < −xp+j
respectively. For any x ∈ Wi, where i ∈ {1, 2}, we have dimG(x) = p + q − j by Propositions
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5.1-(a) and 5.2-(a). The fact that Λp+q−1 ∩Wi is a p+ q− j dimensional connected manifold implies
that G(x) = Λp+q−1∩Wi, i.e. there are exactly two orbits with dimension p+ q− j in Λp+q−1. Thus
the only remaining set of the points of Λp+q−1 to study their orbits is
⋂q
i=1 Πi ∩ Λp+q−1.
We have
q⋂
i=1
Πi ∩ Λp+q−1 = Rw1 ⊕ · · · ⊕ Rwq.
Let k ∈ {1, ..., q}. Then wk is fixed by K0, and so by K′. Also A(wk) = R+wk and N(wk) =
Rw1⊕· · ·⊕Rwk−1 +wk by Remark 3.2. This shows that for any point x = Σlj=1rjwj , where rl 6= 0,
G(x) = Rw1 ⊕ · · · ⊕ Rwl−1 + R+(rlwl).
Hence there are two l-dimensional orbits depending on the sign of rl. Thus we proved the following
corollary.
Corollary 5.3. Let G = K′AN, where K′ ⊆ K0, x ∈ Λp+q−1 and m = dimG(x). Then
m ∈ {1, ..., q} ∪ {p, ..., p + q − 1} and there are exactly two orbits with dimension m in Λp+q−1.
Furthermore,
(a) if m ∈ {1, ..., q} then G(x) is either Σm−1i=1 Rwi + R+wm or Σm−1i=1 Rwi + R−wm.
(b) ifm ∈ {p, ..., p+q−1}, thenG(x) is one of the connected components of⋂p+q−m−1i=0 Πi⋂p+q−mi=0 Πi
(here, Π0 denotes Rp,q).
(c) G(x) is not dependent on the choice ofK′.
Let k ∈ {1, ..., q}. By a similar argument of that of the proof of Corollary 5.3 one gets that the
subspace
⋂k−1
i=0 Πi
⋂k
i=0 Πi is the union of two disjoint connected open sets U1 and U2 in
⋂k−1
i=0 Πi
(here Π0 = Rp,q). Let j ∈ {1, 2}. Then Hp,q−1(r) ∩ Uj is a p + q − k dimensional connected sub-
manifold of Hp,q−1(r) which is preserved by G by Remark 3.2, where G = K′AN. By Propositions
5.2-(a) and 5.1-(a), we have dimG(x) = p + q − k for any x ∈ Hp,q−1(r) ∩ Uj . The orbit G(x) is
connected, so G(x) = Hp+q−k(r) ∩ Uj . This shows that there are only two orbits with dimension
p+ q − k in Hp,q−1(r). Therefore the following corollary is proved.
Corollary 5.4. LetG = K′AN, whereK′ ⊆ K0, x ∈ Hp,q−1(r), where r ∈ R+ andm = dimG(x).
Then m ∈ {p, p + 1, ..., p + q − 1} and there are exactly two orbits with dimension m in Hp,q−1(r).
Furthermore,
(a) if m ∈ {p, p+ 1, ..., p+ q − 1} then G(x) is one of the connected components of Hp,q−1(r) ∩
(
⋂p+q−m−1
i=0 Πi
⋂p+q−m
i=0 Πi).
(b) G(x) is not dependent on the choice ofK′.
Now we are going to study the orbits of the action of G on Sp−1,q, where G = K′AN and K′ ⊆
K0. Let x ∈ Sp−1,q(r). By a similar argument of that of the proof of Corollary 5.3 one gets that for
any x ∈ Sp−1,q(r) ∩ (⋂p+q−m−1i=0 Πi⋂p+q−mi=0 Πi), where p 6 m 6 p+ q − 1, the orbit G(x) is the
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connected component of Sp−1,q(r) ∩ (⋂p+q−m−1i=0 Πi⋂p+q−mi=0 Πi) containing x. This shows that
for each m ∈ {p, p + 1, ..., p + q − 1} there are exactly two orbits with dimension m in Sp−1,q(r).
Furthermore, these orbits are not dependent on the choice of K′ by Propositions 5.1-(a) and 5.2-(a).
Thus the only remaining points of Sp−1,q(r) to study their orbits is
⋂q
i=1 Πi ∩ Sp−1,q(r). If p = q,
this intersection is empty.
Let Wp =
⋂q
i=1 Πi. If p > q then the intersection Wp ∩ Sp−1,q(r) is equal to the cylinder Cp−1q (r)
defined byWp∩Sp−1,q(r) = Sp−q−1(r)×Rq, where Sp−q−1(r) is the p−q−1 dimensional Euclidean
sphere with radius r in Re1 ⊕ · · · ⊕Rep−q ⊂Wp and Rq =
⋂p−q
i=1 Pi ∩
⋂q
j=1 Πj . If p = q + 1, then
Cp−1q (r) = {±r} × Rq. If p > q + 1, then the cylinder Cp−1q (r) is connected, and if q > 1 then the
complement Sp−1,q(r)Cp−1q (r) is connected too. For q = 1 the complement Sp−1,1(r)Cp−11 (r)
has two connected components.
Let p > q + 1. The action ofK0 andA on a point x+
∑q
j=1 r
jwj ∈ Cp−1q (r) is given by
x+
q∑
j=1
rjwj 7−→ Ax+
q∑
j=1
rjwj and x+
q∑
j=1
rjwj 7−→ x+
q∑
j=1
e−cjrjwj ,
with x ∈ Sp−q−1(r) ⊂ Rp−q and rj ∈ R, where A ∈ SO(p − q), cj ∈ R, respectively. By Remark
3.2 we have N(x +
∑q
j=1 r
jwj) ⊆ x +
⊕q
j=1Rwj . On the other hand, by the proof of Theorem
3.1-case(2), N(x +
∑q
j=1 r
jwj) is a q-dimensional orbit, which implies that N(x +
∑q
j=1 r
jwj) =
x+
⊕q
j=1Rwj . It follows thatK0AN leaves the cylinder C
p−1
q (r) invariant. More precisely,K0 =
SO(p − q) acts canonically on Sp−q−1(r) and trivially on ⊕qj=1Rwj , A and N act trivially on
Sp−q−1(r), N acts transitively on
⊕q
j=1Rwj (here
⊕q
j=1Rwj is embedded in C
p−1
q (r)), and A has
22q−1 orbits on
⊕q
j=1Rwj (namely, one orbit of dimension zero,
(
2q
1
)
orbits of dimension one, ...,
(
2q
q
)
orbits of dimension q). This shows that the orbits of AN on Cp−1q (r) are precisely the p-dimensional
degenerate affine subspaces x+
⊕q
j=1Rwj with x ∈ Sp−q−1(r) ⊂ Cp−1q (r). If p = q+ 1, then K0 is
trivial and so the action ofG reduces to the action ofAN, which implies that the orbits are {±r}×Rq
in the cylinder.
Let p > q + 1. Since K0 acts transitively on Sp−q−1(r) we see that the subgroup Q = K0AN
acts transitively on Cp−1q (r). If K′ is a subgroup of K0, then the orbits of K′AN on the cylinder
Cp−1q (r) correspond bijectively to the orbits of K′ on the sphere Sp−q−1(r). Now we can conclude
the following corollary.
Corollary 5.5. LetG = K′AN, whereK′ ⊆ K0, x ∈ Sp−1,q(r), where r ∈ R+, andm = dimG(x).
Then m ∈ {q, ..., p+ q − 1} and the following statements hold.
(a) If m ∈ {p, ..., p + q − 1}, then there are exactly two orbits with dimension m in Sp−1,q(r)
determined as the connected components of Sp−1,q(r)∩(⋂p+q−m−1i=0 Πi⋂p+q−mi=0 Πi). Furthermore,
these orbits are not dependent on the choice ofK′.
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(b) If m ∈ {q, ..., p− 1}, then x = y + Σqj=1rjwj ∈ Sp−1,q(r) ∩Wp = Cp−1q (r), and
G(x) = K′(y)×
q∑
j=1
Rwj .
The following results generalizes Theorem 4.2 and Corollary 4.3 of [7].
Theorem 5.6. Let G = K′AN, whereK′ ⊆ K0, x ∈ Rp,q a nonzero point and m = dimG(x).
(a) If x ∈ Λp+q−1 thenm ∈ {1, ..., q}∪{p, ..., p+q−1} and there are exactly two orbits with dimen-
sionm in Λp+q−1. Ifm ∈ {1, ..., q} thenG(x) is either Σm−1i=1 Rwi+R+wm or Σm−1i=1 Rwi+R−wm. If
m ∈ {p, ..., p+q−1}, thenG(x) is one of the connected components of⋂p+q−m−1i=0 Πi⋂p+q−mi=0 Πi.
Furthermore, G(x) is not dependent on the choice ofK′.
(b) If x ∈ Hp,q−1(r) for some r > 0, then m ∈ {p, p + 1, ..., p + q − 1} and there are exactly
two orbits with dimension m in Hp,q−1(r). If m ∈ {p, p + 1, ..., p + q − 1} then G(x) is one of
the connected components of Hp,q−1(r) ∩ (⋂p+q−m−1i=0 Πi⋂p+q−mi=0 Πi). Furthermore, G(x) is not
dependent on the choice ofK′.
(c) If x ∈ Sp−1,q(r), for some r > 0, then m ∈ {q, .., p+ q − 1} and the following statements are
hold.
(c1) If m ∈ {p, ..., p + q − 1}, then there are exactly two orbits with dimension m in Sp−1,q(r)
determined as the connected components of Sp−1,q(r)∩(⋂p+q−m−1i=0 Πi⋂p+q−mi=0 Πi). Furthermore,
these orbits are not dependent on the choice ofK′.
(c2) If m ∈ {q, ..., p− 1}, then x = y + Σqj=1rjwj ∈ Sp−1,q(r) ∩Wp = Cp−1q (r), and
G(x) = K′(y)×
q∑
j=1
Rwj .
Proof. It is an immediate consequence of Corollaries 5.3, 5.4 and 5.5. 
Theorem 5.6 shows that the orbits of K′AN on Rp,qWp are independent of the choice of K′.
Thus we get the following remarkable consequence.
Proposition 5.7. There exist cohomogeneity one actions on Rp,q, p > q + 1 > 2, which are orbit-
equivalent on the complement of an p-dimensional degenerate subspace Wp of Rp,q and not orbit-
equivalent onWp.
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